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Abstract 

General scheme for covariant calculation of the amplitudes of pro¬ 
cesses with the polarized Dirac particles is considered. It is so con¬ 
cretized that the obtained expressions can be used for calculation of 
the amplitudes of processes with interfering diagrams. As an illus¬ 
tration the expressions for the amplitudes of processes with massless 
particles are presented. 


1 Introduction 

The serious difficulties take place when we calculate the cross sections of pro¬ 
cesses for high order diagrams (especially when we take into account polar¬ 
izations of particles, involved in reaction), because it is necessary to evaluate 

*Presented at the Joint International Workshop: VIII Workshop on High Energy 
Physics and Quantum Field Theory & III Workshop on Physics at VLEPP, Zvenigorod, 
Russia, September 15-21, 1993 


1 



traces of products of the great number of Dirac 7 -matrices. In this case the 
problem often arises with obtaining of analytical expressions for the different 
physical quantities because of their cumbersomeness . 

One of the ways to avoid this problem is to calculate the amplitudes of the 
processes directly. In particular, the expressions, obtained by multiplication 
of 7 -matrices and bispinors which are written in components in concrete 
frames, are given in [|l|. Authors of some later articles had to use such a 
method on account of calculating difficulties (see, e.g. 0). The obvious 
defects of this method are complicated calculations, bulky and noncovariant 
form of obtained results. 

Different authors made attempts of the covariant calculation of ampli¬ 
tudes (see 0] - !§]). However, expressions obtained in their papers are un¬ 
suitable for calculations with interfering diagrams. The scheme which is the 
extension of the results of these authors is considered below. It is concretized 
to avoid problems with interference. 


2 General scheme of covariant calculation of 
amplitudes 


There is even number {2N) of fermions in initial and hnal state for any 
reaction with Dirac particles. Therefore every diagram contains N nonclosed 
fermion lines. The expression 


UfQUi 

corresponds to every line in the amplitude of process, where Ui, uj are Dirac 
bispinors for free particles. (For dehniteness, we anticipate that fermions are 
particles. However the obtained results are true in case if both fermions are 
antiparticles or one fermion is particle and another one is antiparticle.) 

u = u^ 7 ° . 


Q is matrix operator which characterizes interaction. It is expressed as linear 
combination of the products of Dirac 7 -matrices (or of its contractions with 
4-vectors) and can have any number of free Lorentz indexes. 

For calculating Mif we use the following scheme: 


^ ^ \ UiZuf 


Tr{QuiUiZufUf) 


UiZuf UiZuf 

Tr{QuiUiZufUf) Tr{QuiUiZufUf) 


( 1 ) 


\uiZuf\ \Tr{ZuiUiZufUf)Y/‘^ 

where Z is an arbitrary 4 x 4-matrix , 


= M, 


f 


Z = 
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(the symbol ~ stands for ”an equality to within a phase factor sign”). 

The projection operators are substituted for uu in (|I]). For particle with 
mass m: ^ 

u{p,n)u{p,n) = -—(p + m)(l + ysfi) = "P (2) 

4 m 

where p = ^^p^, p^ = = — 1 , pn = Ouu = 1 , 75 = . 

[We use the metric = (oq, a), a^ = (ao, —a), ab = = ao^o — Sb .] 

For massless particle the projection operator is the following: 

u±{q)u±{q) = ^{l±-f5)q = 'P± (3) 

where = 0 , u±jf^u± = 2 q^ (signs ± correspond to helicity of particle). 
Notice that 

^ [{ufQui){uiZuf)]* ^ {ufZui){uiQuf) 
[Tr{ZuiUiZufUf)Y/‘^ [Tr{ZuiUiZufUf)Y/‘^ 
Tr{ZuiUiQufUf) 

\Tr{ZuiUiZufUf)Y/‘^ 

In the articles 0 , [Q one chooses 

Z= 1 . 


The results of article come to the same approach for the processes with 
massless particles. 

In [Q one proposes 

^ = 75 

too. The results of article 0 come to the same choice. 

The results of article [0] correspond to the choice 

Z = l + y° . 

The results of [§ come to 

Z = m + r 


(where r is arbitrary 4-momentum, such as = m^). In this paper for 
4-vectors, which determine axes of spin projections, one uses 

_ rri^pf - {piPf)pi _ m^pi - {piPf)pf 

* m[(piP/)2 — m[(pjp/)2 — m"^]h2 

However all expressions for the amplitudes [as it follows from (|^)] are 
known to within a phase factor. Really 


Aiif — Mif ■ 


UiZuf 

UiZuf 
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It is obvious that this circumstance creates no problems, when we calculate 
amplitude for one diagram. However, in the general case, the presence of 
unknown phase factor does not enable formula (]^) to be used for calcula¬ 
tion of amplitudes of the processes which proceed in a few channels since 
the expressions for amplitudes which corresponding to different channels are 
multiplied by different phase factors. 

3 Calculation of the amplitudes of processes 
with interfering diagrams 

Let us consider in the general form the process, which proceeds in two dif¬ 
ferent channels (see Fig.|l|): 



Figure 1: The diagrams of the process, which proceeds in 2 different channels 
in general form. 

The expression 


M = (usQui) ■ {U4RU2) = Mi 3 ■ M24 
corresponds to the hrst diagram. The expression 

M' = {u 4 ^Sui) ■ {U3TU2) = Mi4 ■ M23 


corresponds to the second one, where Q, R, S, T are the arbitrary matrix 
operators characterizing interaction. 

There are three possibilities for the correct calculation of the amplitude 
of process (see 0): 


1. It is possible to make Fierz arrangement for the second diagram: 3 v->- 4. 
But this method requires a large volume of additional calculations. 


2 . 


It is possible to multiply both amplitudes by the same phase factors, 
for example by 

uiZus U2XU4 


{uiZu^l \u2Xu4 
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We have expression for the hrst diagram in this case 


Tr{QuiUiZuzu^) Tr{Ru2U2Xu4U4) 

\Tr{ZuiUiZu^u^)YR \Tr{Xu 2 U 2 Xu/iuY)YR 

and that for the second diagram 

Tr{SuiUiZu^uYTu 2 U 2 XuiUA) 

[Tr{ZuiUiZu^uY)Y'‘^ ■ [Tr{Xu2U2Xu^uYYR 

It is obvious that calculation of the amplitude for the second diagram 
is very complicated. Besides, it is very inconvenient to use expres¬ 
sions with the different structure for calculation of amplitudes for the 
different diagrams. 

3. The third possibility is to calculate the relative phase for the hrst and 
second diagrams and to use expression the obtained for the phase cor¬ 
rection of one of two amplitudes. 

We will use the third possibility. Interference term has the form 

M ■ {M'Y = Mi 3 ■ M24 ■ (Mm)* ■ (M23)* = {u^QuY{u^Ru 2 ){urSuY{u 2 fuY • 

Let us multiply the interference term by 

{uiZuY{u 2 YuY{uaXui)(uYZu 2 ) {u-iZui){uiXuY{uiYu 2 ){u 2 VuY) ^ ^ 
{uiZuY) {U 2 Y uY) {uiXui){uzVu 2 ) {uzZui){uiXuY {U 4 Y U 2 ){u 2 VuY 

where X, Y, Z, V are as yet arbitrary matrix operators. 

We have as the result in this case: 

_ Tr^QuiUiZusUs) Tr{Ru 2 U 2 Yu 4 uY Tr{XuiUiSuRiY Tr{yU 2 U 2 TuzuY 
Tr{ZuiUiZu^uY Tr{Yu 2 U 2 Yu 4 uY Tri^XuiUiXu^uY Tr{y U 2 U 2 VuzuY 

xTr{ZuiUiXuiU4Yu2U2Vu2,uY 

Tr^QuiUiZusUs) Tr{Ru2U2Yu4uY 

~ [Tr{ZuiUiZu^uYY'^ ' [Tr{Yu 2 U 2 YuiuYY'^ 

Tr{XuiUiSuiuY Tr{Vu 2 U 2 Tu 3 uY 

^ [Tr{XuiUiXu4UA)Y^^ ' [Tr{Vu2U2VusU3)Y/^ 

Tr{ZuiUiXuiUAYu 2 U 2 Vu^uY 

\Tr{ZuiUiZu^uYTr{XuiUiXuRlYTr{YYu2U2Yu4uYTr{Vu2U2Vu^uYY^‘^ 

= M-iz ■ M.2i ■ {M-iY* ■ {Xi23)* ■ X 
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where A^ia, A^24, (A^u)*, are given by expressions analogous to (J^), 

(^; the coefficient K is given by formula 

^ Tr{ZuiUiXu4UiYu2U2Vu3U3) 

[Tr(ZuiUiZu3U3)Tr(XuiUiXu4U4)Tr(Yu2U2Yu4,U4)Tr(Vu2U2Vu3U3)Y/'^ 

( 5 ) 

It is obvious that 

\K\ = 1 . 

Thus we have to calculate the amplitude of process with interfering diagrams 
in the form 

Af + Af^ = K • Af 13 ■ AA24 T A1i4 ■ Af 23 • ( 6 ) 

Let us require for the maximum simplicity of calculations 

K = l. 


This requirement is satished if we choose 

Z = X = Y = V = V [see (D] or Z = X = Y = V = V± [see (|)], 
since the projection operators have the following properties 

V = V , VAV = Tr[VA] -V , ( 7 ) 

P±=V± , V±AV± = Tr[P±A] ■ V± . (8) 

Really 

p = 7 O-P+ 7 O = 70(wi2)+7° = 7°(wM+7°)+7° = 7°[(7°) + (ri+)+ri+]7° 


= 7°[7°titi^]7° = = uu = V , 

VAV = {u)o,{u)^{AfVu)p{u)8 = [{u)i8{AYP{u)p]{u)a{,u)s 

= [{u)p{u)p{A)f^%uUu)5 = Tr[VA] ■ V . 

Therefore we can calculate the amplitude 

Tr{QViVVV ■ TVRV2VV4) 


M+M' = 


[Tr{VVi)Tr{VV2)Tr{VVVTr{VV4)Y/^ 
TriSViVVV ■ Tr{TV2VVV 
[Tr iVVi ) Tr (VV2) Tr {VV3 ) Tr (PP4) ] ' 


( 9 ) 


This expression enables to calculate the amplitude numerically. Complex 
numbers being obtained under calculation are used for calculation of the 
process cross section. 
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Notice that the calculation of amplitude for the alone diagram is easer 
than the calculation of squared amplitude, if operators, characterizing inter¬ 
action, contain the product of greater number of 7-matrices, than the pro¬ 
jection operator. 

Really, when the number of 7-matrices in operator Q increases by / [see 
([ID], their number in the numerator of (|I]) increases only by / (denominator 
does not change), but in construction of Tr{QuiUiQufUf) , which appears, 
when we calculate the squared matrix element, the number of 7-matrices 
increases by 21 . We take into account that trace of product of 2 J 7-matrices 
contains 1 - 3 - 5 -.. .■( 2 J — 1 ) terms and we obtain that the more complicated is 
a process the bigger are the advantage given under calculation of this process 
by the method of direct amplitudes calculation. 

However, for processes with the interfering diagrams method of ampli¬ 
tudes calculation is easier in any case, because we need not calculate the 
interference terms. 

As it was mentioned before, it is simple to make a generalization of this 
method for the reactions with participation of antiparticles. It is sufficient for 
it to substitute the projection operators of antiparticles in place of operators 
of particles. Let, for example, we are interested in value v/Qui , where Vf is 
bispinor for a free antiparticle. Then 


_ Tr{QuiUiZvfVf) 

- [Tr{Zu,uavfVf)]y^ 


( 10 ) 


where 


v{p, n)v{p, n) 


for massive antiparticle, or 


-—{-m + p){l + 
Am 


v±{q)v±{q) = ^(1^75)? 

for massless antiparticle. As always, we use (@) or (|^) instead of Z . 

Notice that in (|^) and in the further consideration we shall use equality 
sign instead of symbol ~ , since there exists not any trouble with the phase 
factors already. 

It is signihcant that the methods of calculation of the amplitudes with 
Z = l,75,l-|-7°,m-|-j3 for the processes with interfering diagrams require to 
calculate the expression not only for amplitudes of separate diagrams, but 
also for coefficient K by the formula (^. It is necessary to use formula (|^) 
in this case. 
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4 Application of method to calculations of 
the amplitudes of processes with massless 
Dirac particles 


Formulas for calculation of amplitudes of processes with the massless Dirac 
particles are very simple. In this case formula (|l|) takes the following form 


U±{P 3 )Qu±{Pl) 


Tr[Qpigp3(lT75)] 

4[(gpi)(gp3)]V2 


( 11 ) 


Here Z = -(l=P75)g = = 0 . Massless 4 -vector q can be arbitrary, 

but it must be the same for all considered nonclosed fermion lines of diagrams. 


U±{p 3 )Qu^{pi) = 


Tr[Qpi{m ± fi'p)p^{l =F 75)] 
4{[(ppi) ± m{npi)][{pp‘i) =F m(np3)]}F2 


( 12 ) 


Here Z=- —(m + p)(l + 7577-) = P, p‘^ = m‘^, = — 1 , pn = 0 . 

4 m 

As regards 4 -vectors p and n the same observation as the one for vector 
q in (^TJ) is right. We may require for maximum simplicity of calculations 
m = 0 , = 0 in (|T^. 

In the last case we can not use easier operator V± for Z, since in this case 
numerator and denominator are identical with 0 . 

If under numerical calculations denominator in (^) or in (p! 2 D is equal 
to 0 for some values pi and ps, it is sufficient to change values of arbitrary 
4 -vectors q or p,n being contained by these formulae (simultaneously for all 
lines of diagrams being considered). 

Another approach may be useful under calculation of value u±{ps)Qu::p{pi): 


u±{p 3 )Qu^{pi) ~ 


Tr[QpiP 3 (l T75)] 
2[2(piP3)]i/2 


(13) 


Here Z = 1 . However, it is necessary to use formula 
amplitudes. In this case [see (BI)] 


K = 


Tr [P1P4P2P3 (1 =F 75)] 

8 [(piPs) (^1^4) (P2P3) (P2P4)] 


if we have interfering 


(14) 


Formulae (|^, (|I^ generalize the method of calculation of matrix elements 
offered in jlSll. 
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